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Introduction

Mathematical modeling of biological problems is a vast area of study
in applied mathematics, which is useful for understanding the dynamic
relationship between different types of populations or biological systems.
For example, species interaction [1], delivery of drugs [2], infectious disease
spread [3, 4], development and pattern formation in biological systems [5],
genetics and molecular models [6, 7] are some of several other possibilities
of investigation.

Linear parameter-varying (LPV) systems are able to represent linear

dynamics affected by time-varying parameters, time-varying systems

constructed by means of identification techniques, or even to approximate

nonlinear systems by a set of local linear models.



Introduction Problem Statement Methodology Matlab Implementation Main Results Conclusions References

We want to use the LPV system theory to analyze the local stability of a
well-known compartimental model: the SIRS.

Also, the tutorial presented in this paper is particularly interested in
explaining in details how to use the MATLAB R© software with the aid of
parsers ROLMIP [8], YALMIP [9], and the semidefinite programming
solver SeDuMi [10].

Our main motivation in this study-tutorial resides in the particular
nonlinear structure of some biomathematical systems. In many cases they
are given in terms of polynomials that can be conveniently explored in an
LPV modeling.
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Contributions

The proposed investigation provides a theoretical stability certificate based
on the Lyapnunov stability theory [11] for LPV systems and also allows a
deep understanding of the dynamic behavior of linearized models of nonli-
near systems.

The LPV model favors future research in the design context (synthesis of
filters or controllers for biological systems), working as a prior study in this
field.
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LPV Theory

The stability of linear time-invariant (LTI) systems can be assured
through an eigenvalue analysis of the dynamic matrix.

This strategy is not a necessary neither sufficient condition to guarantee
the stability in LPV context.

LPV system can be characterized by the existence of a continuously
differentiable Lyapunov function

v(x(t), θ(t)) = x(t)′P(θ(t))x(t) (1)

where P(θ(t)) is a parameterized symmetric and positive definite matrix
such that

A(θ(t))′P(θ(t)) + P(θ(t))A(θ(t)) +
d

dt
P(θ(t)) < 0, (2)
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LPV Theory

Another result, more conservative but simpler to be programmed, is based
on the notion of quadratic stability which is derived when the matrix P is
constant. In this case,(2) becomes

A(θ(t))′P + PA(θ(t)) < 0, (3)

where P is a symmetric and positive definite constant matrix referred to
as the Lyapunov matrix [12].
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LPV Theory

Consider an autonomous LPV system [13, 14] with standard continuous-time
space-state formulation given by

dx(t)

dt
= A(θ(t))x(t) (4)

where x(t) ∈ Rnx represents the state vector. There are two main distinct
structures to describe the time-varying dynamic matrix A(θ(t)): polytopic and
affine. In the polytopic case, the representation of matrix A(θ(t)) is given by a
convex combination of m known vertices, that is

A(θ(t)) =

m
∑

j=1

θj (t)Aj , θ(t) ∈ Λm, (5)

where A1, . . . ,Am are the vertices of the polytope and
θ(k) = (θ1(t), . . . , θm(t)) is a vector of time-varying parameters belonging to a
compact set called unit simplex and given by the equation

Λm =

{

m
∑

i=1

θi (t) = 1, θi (t) ≥ 0, i = 1, . . . ,m

}

. (6)
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LPV Theory

On the other hand, the dynamic matrix A(θ(t)) with m interval time-varying
parameters in the affine form is represented as

A(θ(t)) = A0 +
m
∑

i=1

θi (t)Ai , θi(t) ∈ [θi , θi ], (7)

where A0, A1, . . . ,Am are known matrices and θi (t), i = 1, . . . ,m, are

time-varying parameters with known lower and upper bounds, respectively given

by θi and θi . Note that, differently from the polytopic representation where the

parameters must sum up one for all t, in the affine dependency model the

parameters θi (t), i = 1, . . . ,m, are all independent. However, it is possible to

convert the affine model (7) into a polytopic model (5) by evaluating the LPV

system at the extremes points of all combinations of the interval parameters.
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The SIRS model

The model investigated in this paper is the famous
Susceptible-Infected-Removed-Susceptible (SIRS) [15], also known as
Kermack and McKendrick model, which predicts the distribution and
number of cases of an infectious disease.

This model has three compartments: the susceptible (S(t)), the infected
(I (t)), and the removed (R(t)) populations.
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Parameters

Tabela: Description of the variables of SIRS model.

Description

S(t) Susceptible individual
I (t) Infected individual
R(t) Removed individual
µ Natural mortality rate for every population
β Transmission probability by contact between S(t) and I (t)
γ Conversion rate of infected to removed people
v Rate of removed to susceptible people
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System of differential equations

The model is given by the following system of differential equations:

dS(t)

dt
= −βS(t)I (t) + γR(t),

dI (t)

dt
= βS(t)I (t)− vI (t),

dR(t)

dt
= vI (t)− γR(t).

(8)
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Equilibrium points and Jacobian Matrix

From the biological point of view, it is interesting to determine a coexistence
equilibrium such that the population is a positive number. This equilibrium
point is given by:

(S̃ , Ĩ ) =

(

v

β
,
N − v

β

v + γ

)

with
N − v

β

v + γ
> 0. (9)

It is necessary that N > v
β

to obtain a positive equilibrium point. Additionally,
system (8) is associated with the following Jacobian matrix:

J(S , I ) =

[

−(βI + γ) −(βS + γ)
βI βS − v

]

. (10)

At the coexistence equilibrium point, we have trJ(S̃ , Ĩ ) = −(β Ĩ + γ) < 0 and

detJ(S̃ , Ĩ ) = β Ĩ (ν + γ) > 0.
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Defining a parameter region

For the MATLAB implementation, firstly, define a valid parametric region for
system (8).

Tabela: Bounds of the time-varying parameters of System (8).

Parameters Bounded values

N 1

β 0.5

v(t) ∈ [v , v ] [0.25 , 0.4]

γ 0.3

Ĩ (t) ∈
[

I , I
]

[−0.22 , 0.9091]
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Linearizing

Secondly, determine the linearized version of system (8) around the coexistence equili-
brium point, that is, rewrite (9) in the standard LPV structure given in (4).











dS(t)

dt

dI (t)

dt











=





−β(Ĩ (t) + γ) −(v(t) + γ)

β Ĩ (t) 0





[

S(t)
I (t)

]

. (11)
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Structures: Polytopic or Affine

The polytopic structure for the LPV system (12) is given by

A(θ(t)) =θ1(t)

[

−β(I + γ) −(v + γ)
βI (t) 0

]

+ θ2(t)

[

−β(Ī + γ) −(v + γ)
β Ī 0

]

. . .

· · ·+ θ3(t)

[

−β(I + γ) −(v̄ + γ)
βI 0

]

+ θ4(t)

[

−β(Ī + γ) −(v̄ + γ)
β Ī 0

]

(12)
where θ(t) = (θ1(t), . . . , θ4(t)) ∈ Λ4.

Note that, the Jacobian matrix is time-varying, since it depends on
time-varying parameters v(t) and Ĩ (t), meaning that it can be written
using polytopic or affine structure.

Despite Ĩ (t) depends only on the variation of v(t), the relationship
between these two parameters is not linear. Then, v(t) and Ĩ (t) can be
handled as independent interval parameters in the affine structure (two
parameters) and all the possible combinations of their bounds must be
used to obtain the polytopic structure (four vertices).
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On the other hand, the affine structure (7) yields the dynamic matrix

A(θ(t)) =

[

−βγ −γ

0 0

]

+ θ1(t)

[

0 −1
0 0

]

+ θ2(t)

[

−β 0
β 0

]

, (13)

where θ1(t) = v(t) ∈ [0.25, 0.4] and θ2(t) = Ĩ (t) ∈ [−0.22, 0.9091].
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Algorithm

Initialize the parameters according to the Table 2, as shown below:
β = 0.5; γ = 0.3; v = 0.25; v̄ = 0.6; I = -0.22; Ī = 0.9091;

Define matrix coefficients Ai in the affine case:
% % Matrix coefficients of the LPV system in the affine form

A0 = [−βγ -γ ;0 0];

A1 = [0 -1; 0 0];

A2 = [-β 0 ; β 0];

Indicate the degree of dependence on time-varying parameters using the
corresponding value of λi vector
Af{1} = {[0 0],A0};
Af{2} = {[1 0],A1};
Af{3} = {[0 1],A2};

Analogously to what was done in the affine case, define in MATLAB the matrix
vertices for the politopic case:
% % Matrix vertices of the LPV system in the polytopic form

Ap{1} = [−(β Ī + βγ) −(γ + v̄);β Ī 0];

Ap{2} = [−(β Ī + βγ) −(γ + v);β Ī 0];

Ap{3} = [−(βI + βγ) −(γ + v̄);βI 0];

Ap{4} = [−(βI + βγ) −(γ + v);βI 0];
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Algorithm

Create a ROLMIP object (function rolmipvar [8]) for the affine structure of the
dynamic matrix containing both the system information and the degrees of
time-varying parameters:
% bounds of time-varying parameters

Bounds = [v̄ v; Ī I];
% ROLMIP object for affine structure

Arolm = rolmipvar(Af,’A’,Bounds)

Create a ROLMIP object (function rolmipvar [8]) for the polytopic structure of
the dynamic matrix containing both the system information and the degrees
associated to the time-varying parameters:
N = size(Ap,2); % Number of vertices

g = 1; % degree of dependence on the parameters

% ROLMIP object for polytopic structure

Arolm = rolmipvar(Ap,’A’,N,g)
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Algorithm

Define a ROLMIP object for the symmetric (’sym’) and constant (degree 0)
Lyapunov matrix W using affine structure:
nx = size(A0,1); % system order

p = size(Bounds,1); % number of time-varying parameters

Naf = 2*ones(1,p); % dimension of W

gaf = 0*ones(1,p); % degree of W (quadratic stability)

% ROLMIP object for W with affine structure

W = rolmipvar(nx ,nx,’Waf ’,’sym’,Naf ,gaf );

Define a ROLMIP object for the symmetric (’sym’) and constant (degree 0)
Lyapunov matrix W using polytopic structure:
nx = size(Ap1,1); % system order

gp = 0; % degree of W (quadratic stability)

W = rolmipvar(nx ,nx,’Wp’,’sym’,N,gp)
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Algorithm

From this step forward, polytopic and affine structures uses the same code in
MATLAB to solve the LMIs.

In this step, the LMI conditions to guarantee that P is positive definite and the
feasibility of (3) are created.
% % Quadratic Stability Conditions

LMI pos = W>0;

% LMI (3)
LMI stb = Arolm’*W + W*Arolm < 0;

LMI = [LMI stb,LMI pos];

Now, the convex optimization problem is solved by the semidefinite solver
SeDuMi using the following commands
% % Solver

obj = []; % objective function

sol = optimize(LMI,obj,...

sdpsettings(’solver’,’sedumi’,...

’verbose’,0));
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Check the solutions

Finally, to verify the validity of the results provided by optimization solver (that
is, positivity or negativity of the LMIs), we can evaluate the signal of the
constraints residue using the MATLAB function checkset from YALMIP as
follows:
% % validation of solution

pmin = min(checkset(LMIs));

if (pmin>0)

fprintf(’Stability assured’);

W n=double(W);

else

fprintf(’Stability not verified’);

W n=[];

end
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Numerical Results

In the numerical example using the presented code for solving the quadratic
stability problem, we obtained the matrix

W =

[

1.1289 0.6754
0.6754 3.0556

]

, (14)

for both affine and polytopic structures. Furthermore, we have
pmin = 0.0032 > 0 which ensures that W is a Lyapunov matrix, that is, P = W
is a symmetric and positive definite matrix which satisfies (2) . In other words,
the stability for all parametric uncertain domain is ensured.

As a counterexample, let us consider β = 0.6 and repeat the experiment. In this
case, the minimum residue is pmin = −1.8× 10−12 which implies that the LPV
model (with β = 0.6) is not quadratically stable.
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Conclusions

Usually, to validate (LTI) models, the global stability is studied using Lyapunov’s
theory.

To neglect the parameter variations may be reasonable and acceptable in some
cases, but it is very helpful to consider these variations to obtain a more accurate
representation of some important phenomenon.

Then, using the LPV theory, one can study the asymptotic stability of the li-
nearized version of non-linear biological problems taking into account the time-
variations of the model.

This paper showed a systematic way to program the quadratic stability test using
the parsers ROLMIP and YALMIP from MATLAB considering both affine and
polytopic representations for the dynamic matrix.

ROLMIP parser allows to avoid manual programming and calculation of a high
number of inequalities, that is greater as the number of time-varying parameters
increases, making this task unfeasible in practice.
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